An orbiting 'photon clock' is proposed to test directly the relativity of simultaneity of special relativity. This is done by comparison of the arrival times at a ground station of three microwave signals transmitted by two satellites following the same low Earth orbit. A similar experiment, that may be performed using synchronised signals from two GPS satellites with the receiver on a single satellite in low Earth orbit, is also described PACS 03.30.+p
Introduction
In Einstein's original 1905 Special Relativity (SR) paper [1] , three novel space-time phenomena were introduced as physical consquences of the LT, i.e, as purely kinematical effects. These are: Relativity of Simultaneity (RS) 1 relativistic Length Contraction (LC) and Time Dilatation (TD). Many direct and precise experiments have confirmed the existence of TD; however to date, there is no experimental confirmation of either RS or LC. It is the purpose of the present article to propose definitive experimental tests of RS.
Unlike essentially all recent high precision texts of special relativity, the aim of the proposed experiments is not to search for a breakdown of SR but rather to test a particular prediction of standard SR. This important point was not understood by some reviewers of earlier versions of this paper who stated, incorrectly, that existing experimental limits on SR test parameters (for example those of the Mansouri and Sexl test theory [2] ) show that SR is experimentally confirmed, so therefore there is 'nothing to test'. For this reason, in the following section, a 'mini-review' of current experimental tests is presented, where the complete lack of overlap between conclusions drawn from the results of previous experiments, and those that may be obtained from the proposed experiments, is pointed out. The standard relativity of simultaneity effect of SR is explained in Section 3. The following two sections present the proposed experiments. A brief summary is provided in the concluding section.
Mini-review of experimental tests of special relativity
The availability of precise atomic clocks and frequency stabilised lasers has enabled an enormous increase, over the last three decades, in the precision of of some experimental tests of SR. In particular, much improved experimental upper limits on the anisotropy of the speed of light, testing Local Lorentz Invariance (LLI), have accompanied the development of sophisticated theoretical models such as the 'standard model extension' [3] as well as more specific models employing field- [4] or string- [5] theoretical ideas. The most widely used test theory for SR and LLI is, however, the kinematical one of Robertson [6] and Mansouri and Sexl [2] (RMS). This model assumes the existence of a 'preferred frame', Σ, (often identified with the proper frame of the cosmic microwave background) relative to which an arbitary inertial frame, S, is in motion with velocity v = c β. Denoting time and spatial position in Σ as (T ; X) and in S as (t; x), and assuming conventional Einstein light-signal clock synchronisation, the model postulates the following space time transformation equations:
where, in SR,
in which case (2.1)-(2.3) become the Lorentz transformation (LT) and Σ another inertial frame. Since in most tests of SR and LLI the leading relativistic terms are of O(β 2 ), it is convenient to define further parametersα,β andδ, such that:
In SR −α =β = 1/2,δ = 0.
The most precise tests of the isotropy of the speed of light are modern versions of the Michelson-Morley [7] (MM) and Kennedy-Thorndike [8] (KT) experiments. The MM experiment tests the angular dependence of light speed anisotropy. The best current limit [9] , expressed in terms the parameters of the RMS test model is:
The KT experiments are sensitive to the velocity dependence of light speed anisotropy, the best current limit [10] corresponding to:
The parameterα is measured in experiments (successors of that of Ives Another experiment sensitive toα, of particular interest, in view of the second experiment proposed in the present letter, uses the GPS satellite system to test for anisotropy of the one-way speed of light [13] . It was found that δc/c < 2 × 10 −9 corresponding to the limit:
The effect measured here, as in Römer's original determination of the speed of light propagation, and as in the satellite experiments proposed below, is an O(β), not an O(β 2 ) one [2] as in the MM, KT and time dilatation experiments.
The RMS test model parameter a is called the 'time dilatation' parameter. That this nomenclature is correct is evident from Eqns(2.1) and (2.2). Suppose a clock is at rest at x = 0 in S. Eqn(2.1) shows that, in Σ, it has the space-time trajectory X = vT . Substituting this relation in (2.2) gives immediately t = aT , which becomes, in SR, T = γt which is indeed the TD effect. The parameter b is commonly called the 'length contraction parameter' which looks plausible in view of Eqn(2.1). The LC effect is however more subtle than simple inspection of Eqn(2.1) might suggest. Two space-time events and two clocks are involved, and the synchronisation of distant clocks is crucial. This means that the limit onβ provided by the MM or KT experiments does not confirm or invalidate the existence of LC. The relation between the RS and LC effects [14] and the question of their existence [15] have been previously discussed by the present author. Reference [15] also contains a concise review of the experimental tests, to date, of SR. In any case, if it does exist, LC is certainly an O(β 2 ) effect, and the experiments proposed here, to test for RS, are quite insensitive to it.
The relativity of simultaneity effect
To discuss RS it is convenient to use what Mansouri and Sexl call 'system external synchronisation' [2] . Suppose that there are synchronised clocks at x = 0 and x = L in the frame S. At t = 0, two clocks at rest in Σ, spatially contiguous with the clocks in S at this instant, are simultaneously synchronised with those in S. That is both clocks in Σ are set to T = 0. The transformation describing the relation between the positions and times in Σ and S of the clock at x = 0 is then given, in the RMS test model, by Eqns(2.1) and (2.2), whereas the correponding equations for the clock at x = L are instead:
Substituting x = L, t = T = 0 in (3.1) and (3.2) shows that these equations are verified providing that X = L at this instant. At the later time t, Eqns(2.1) and (2.2) give, for the apparent time, as viewed from Σ, of the clock in S at x = 0, T (x = 0) = t/a, while (3.1) and (3.2) give for the apparent time, as viewed from Σ, of the clock at x = L in S, T (x = L) = t/a. Therefore, in SR:
Both clocks show the same TD effect, but there is no RS 2 . If now the substitution x = L is made at time t in Eqns(2.1) and (2.2), instead of (3.1) and (3.2), and the resulting apparent time viewed from Σ, T (x = L), is associated with that of the clock at x = L, it is found that
So that instead of (3.3) it is found in SR that
This means that clocks which show the same time t in S show times differing by γβL/c when viewed from the frame Σ. That is, events that are simultaneous in S are not so in Σ. Eqn(3.5) corresponds to the standard text-book presentation of RS. Note that both (3.3) and (3.5) are predictions of SR. They differ in the physical interpretation of the LT and the clock synchronisation procedures adopted. In (3.3), both pairs of clocks are synchronised, in (3.5) only the pair at x = 0. The possible correctness of (3.3) does not therefore mean that a = 1/γ in (3.4). In both cases a = 1/γ andα = −1/2. 
An Einstein photon clock in space
The first proposed experiment is an actual realisation, in space, of the light-signal clock synchronisation procedure proposed by Einstein in [1] . However, no actual experimental clock synchronisation is needed. At the practical level the experiment can be considered as a sequel to the Spacelab experiment NAVEX [16] in which SR and general relativity (GR) were tested by measurements of TD and the gravitational blue shift respectively. This was done by comparing a caesium clock in a space shuttle in a low, almost-circular, orbit around the Earth with a similar, synchronised, clock at a ground station. The experiment requires two satellites, one of which could conveniently be the International Space Station (ISS) which has orbit parameters similar to those of the NAVEX shuttle, the other a shuttle, or other satellite, following the same orbit as the ISS but separated from it by a few hundred kilometers.
A scheme of the proposed experiment is shown in Fig.1 . Two satellites, A and B, in low Earth orbit, separated by the distance L, pass near to a ground station C. Cartesian coordinate systems are defined in the co-moving inertial frame of the satellites (S') and the ground station (S). The origin of S' is chosen midway between A and B with x ′ -axis parallel to the direction of motion of the satellites and y ′ axis outwardly directed in the plane of the orbit. Ox and Oy are parallel to Ox ′ and Oy ′ at the position of closest approach (culmination) of O' to C. Clocks in S and S' are synchronised at t = t ′ = 0 at culmination, where the coordinates of O' in S are: (x,y,z) = (0,H,D) and the relative velocity of S and S' is v = cβ. It is assumed in the following that for space time events at the satellites the LT equations (2.1) and (2.2) are valid between the frames S and S', not only at t = t ′ = 0, but for neighbouring times 3 .
A microwave signal is sent from B towards A so as to arrive there at the time t ′ = −L/c (Fig.1a) . The signal is detected and reflected promptly back towards B. After a delay t D (A) the signal S (1) A is sent from A to C. The reflected signal from A arrives back at B at time t ′ = 0 (Fig.1b) . It is detected and reflected promptly back towards A. After a delay t D (B) the signal S B is sent from B to C. At time t ′ = L/c the inter-satellite signal arrives for a second time at A and after the delay t D (A) sends the signal S A , given by Eqns(2.1) and (2.2) with b = 1/a = γ are presented in Table 1 . Taking into account the propagation times of the signals from A and B to C the following differences 3 That is, the change of the co-moving inertial frame due to the actual, nearly circular, orbital motion of the satellites is neglected for small values of t and t ′ . 
A and S
A from the satellite A [a) and c)] and S B from the satellite B [b)]. C is viewed from the co-moving frame of A and B. Coordinate systems and geometrical and temporal prameters used in the analysis are defined. Table 1 : Coordinates of space time events in S' and S calculated using Eqns(2.1) and (2.2) with b = 1/a = γ. The origin of S' is midway between the satellites A and B. The origin of S is at C. [16] . The Delay effect corresponds to t D (A) + t D (B) = 1 µs and L/R = 1 of arrival times of the signals at C are found from the entries in Table 1 :
where 
If instead the LT given by Eqns(3.1) and (3.2) with b = 1/a = γ is used, with L → −L/2 for the clock A and L → L/2 for the clock B, the space time coordinates of the emission events are those presented in Table 2 . The corresponding value of ∆t is: . Thus ∆t is essentially independent of the distance between the satellites and the ground station at culmination. The last term on the right side of (4.3) or (4.4) also gives the systematic uncertainty due to that on the time of culmination. If the latter is denoted as σ(t C ) the corresponding value of
The RMS error of the twelve culmination times reported [16] by the NAVEX experiment is 26ns. The corresponding uncertainty on ∆t given by (4.3) or (4.4) is then 2βσ(t C )L/R ≃ 1.3×10 −3 ns for L/R = 1, completely negligible as compared to 68.3ns. During the total transit time of the microwave signals in the 'photon clock' constituted by the satellites, the latter move in S only a distance ≃ 2Lβ = 10.2m. Different times of emission of the signal sequence are easily taken into account by a suitable choice of the delay times t D (A), t D (B). Variations of the measured value of ∆t due to various systematic effects are presented in Table 3 .
The ease of measurement of the O(β) RS effect, evident from the entries of Table 3 , may be contrasted with the difficulty of measuring, in a similar experiment, the O(β 2 ) LC effect. Using the value β = 2.56×10 −5 appropriate for the ISS, the apparent contraction of the distance between the satellites A and B, as viewed at some instant in S, of (1 − 1/γ)L, amounts to only 131µm for L = 400 km. It is hard to concieve any experiment using currently known techniques with sufficiently good spatial resolution to measure such tiny effects.
Although a particular coordinate system and clock synchronisation are used to calculate the entries of Tables 1 and 2 and the time differences δt BA and δt AB in (4.3) or (4.4), the quantity ∆t is independent of this choice, so no clock synchronisation is required to measure ∆t. If, however, pre-synchronised clocks are available in the satellites they may be used to generate the signal sequence:
A , without the necessity of 'photon clock' signals between the satellites. The latter in fact may be considered to effect a realtime Einstein light-signal synchronisation of hypothetical clocks in A and B. In this case, a simpler direct measurement of RS is possible. Sending signals S A and S B at the same time in S', when O' is at culmination, the LT given by Eqns (1) and (2) with b = 1/a = γ predicts that the signals will be observed at C with a time difference of βL/c, half the value of ∆t in the photon clock experiment. Using Eqns(3.1) and (3.2) with b = 1/a = γ for the clocks A and B gives instead ∆t = 0 in the ideal case.
Relativity of simultaneity test using GPS satellites
An interesting variant of this last experiment may be performed using the synchronised satellite clocks of the Global Positioning System (GPS). The latter provide, after correction of their proper times for the effects of relativistic time dilatation and gravitational blue shift, a coordinate time, t C , defined in the ECI (Earth-centered inertial) reference frame [18] . This frame, with a constant orientation relative to the fixed stars, may be identified with the frame S' in Fig.1 so that t ′ ≡ t C while the ground-based station C in S is replaced (see Fig.2 ) by a satellite, R, in low Earth orbit in the same plane as the orbits of a constellation of four GPS satellites GPS1-GPS4. In the experiment, signals are sent simultaneously, in the ECI frame, from GPS1 and GPS2, at such a time as to arrive at R when it is in the position, visible from the satellites, at which x ′ = 0. This corresponds, in GPS nomenclature, to 'transmitter time tagging' [18] . The calculation of the time difference ∆t of arrival of the signals at R in S is similar to that for the experiment shown in Fig.1 , in the case that simultaneous signals are sent from A and B to C at t ′ = 0. The RS effect predicts that ∆t = βL/c where 5 L = 3.76 × 10 4 km. With β = 2.56 × 10 −5 as for the ISS, ∆t = 3.20 µsec or 960 m at the speed of light. This may be compared with the horizontal spatial accuracy of 100 m for the Standard Positioning Service (SPS), or of 22 m for the Precision Positioning Service (PPS) [19] . As for the experiment shown in Fig.1 , the expected effect is sufficiently large to be observed, with a huge statistical significance, in a single 'pass' of the experiment. The possibility to observe such an effect using the GPS has been previously mentioned [18] 6 . The order of magnitude of the effect was correctly estimated, but no definite experimental test was considered.
In view of the large observable effect predicted for the experiment in Fig.2 , it is interesting to consider a similar experiment where the GPS receiver is not on the Satellite R, but at a fixed point on the Earth's surface, as in the usual operational mode of the GPS. In this case β in the formula ∆t = βL/c is not the orbital velocity of R of ≃ 7.6 km/sec but is rather the projection into the plane of the GPS satellite orbits of the velocity of the receiver due to the rotation of the Earth. The maximum effect occurs for a receiver at the Equator, viz: v rot cos 55
• = 0.47 × 0.574 = 0.27 km/sec 7 . This corresponds to a value of ∆t of 113 ns, or 34 m at the speed of light. As this is of the same order as the PPS accuracy, and three times smaller than the SPS accuracy, no detectable effects due to the non-vanishing of ∆t is to be expected on the SPS performance at fixed points on the surface of the Earth.
Effects of GR and SR result in a difference the observed rates of two clocks at different altitudes given (up to O(β 2 )) by the relation:
where ∆φ is the difference of gravitational potential and ∆β 2 is the difference of squared relativistic velocity between the moving and reference clocks. For the first experiment discussed above, TD (the second term on the right side of (15)) is largest, whereas for the experiment using GPS satellites, the first, GR, term is dominant. The corresponding fractional frequency shifts are ≃ −2.5 × 10 −10 for a satellite in low Earth orbit, such as the ISS, and ≃ +4.5 × 10 −10 for a clock on a GPS satellite [18] . Thus the GR effects for the GPS satellite clocks are the same order of magnitude as the O(β 2 ) TD effect for a clock in a satellite in low Earth orbit. Since all such effects are neglected in the above analysis (c.f. Eqns(4.1)-(4.4) and Table 3 ) GR frequency effects are also negligible.
The propagation times of the signals from the GPS satellites to the satellite in low Earth orbit are also affected by the Shapiro time delay [20] , another GR effect. However the maximum size of this effect for the GPS system is estimated to be ≃ 200 ps [18] . In view of the symmetrical geometry of the signal paths in the experiments discussed above, it is clear that such effects cancel to first order in the ∆t measurements.
Summary
As discussed in Ref. [15] , of the three space-time 'effects' of SR: RS, LS and TD, only the latter has been, to date, experimentally verified. The RS effect predicts that two simultaneous events in a frame S', separated by a distance L in the direction of motion of another inertial frame, S, will be observed with a time separation δt = γβL/c in this last frame, where v = βc is the relative velocity of the two frames.
In the first proposed experiment S' is the co-moving inertial frame of two satellites in low Earth orbit, separated by a distance of a few hundred kilometers, while S is the frame of a mincrowave reception station on the surface of the Earth. The value of δt for the pairs of signals considered is ≃ 30 ns to be compared with the time resolution of a similar experiment [16] of ≤ 1 ns. 7 The planes of the orbits of GPS satellites are at an angle of 55
• to the equatorial plane of the Earth [18] . Figure 2 : Test of relativity of simultaneity using GPS satellites as transmitters and a satellite, R, in low Earth orbit as receiver. The sizes of the Earth, E, and the orbit of the GPS satellites are shown approximately to scale; for clarity the size of the orbit of R is enlarged. Signals emitted synchronously in the ECI frame (S') by GPS1 and GPS2 are received at R when it is at x ′ = 0. According to the relativity of simultaneity of standard special relativity, the signals are received, in the proper frame, S, of R, with a time difference of ∆t = vL/c 2 , where v is the velocity of R relative to the ECI frame. The figure shows the spatial configuration as seen by an observer in the latter frame.
In the second proposed experiment, S' is the ECI frame of the GPS satellite system, while the GPS signal receiver is in the co-moving inertial frame S of a single satellite in low Earth orbit. The corresponding value of δt is 3.2 µs as compared to the time resolution of ≃ 70 ns for the PPS system [17] . For both experiments, all systematic effects considered are found to be negligible in comparison with the expected time resolutions of the measurements of δt.
In a recent paper by the present author [15] it has been suggested, in order to avoid certain casual paradoxes of SR [14] , and to ensure translational invariance, that the origin of the frame S' in the LT should be, in all cases, chosen to coincide with the position of the transformed event (a 'local' LT). This is equivalent to the use of Eqns(3.1) and (3.2) above with b = 1/a = γ to describe the clocks. In the ideal case where d A = d B = 0 then δt = 0 in both experiments presented above -it is predicted that there is no RS effect
